This paper describes an analytical theory to calculate the emittance growth rates due to intrabeam scattering in focusing systems with arbitrary x-y coupling. The presented results are based on calculations of average emittance growth rates for an initially Gaussian distribution.
Introduction
Intra-beam scattering (IBS) of charged particles in beams results in an exchange of energy between various degrees of freedom, resulting in an increase of average energy of particles in the beam frame and, generally, an increase of the total beam emittance in the 6D phase space. The total Coulomb cross section of a two-particle scattering process in vacuum diverges; however, it has a finite value for collisions in plasma (or beam) due to field screening by other particles [1] or finite beam dimensions. Usually, two scattering regimes are considered: (1) single scattering, when a rare single collision produces a large change of particle momentum (the Touschek effect), and (2) multiple scattering, when multiple frequent collisions cause diffusion. The former is usually responsible for the creation of distribution tails and the beam loss in electron machines, while the latter for changes in the core distribution.
IBS in accelerators is already a rather well-understood subject. The first decisive published work appears to be that of Piwinski [2] , followed by Bjorken and Mtingwa [3] . These two earlier works were both carried out from first principles of two-body Coulomb collisions and largely ignored prior theories for multiple scattering in a plasma [4, 5] . Ref. [6] utilized an approach based on the Landau kinetic equation [4] , and gave the results, identical to [3] . In the present paper, following the same approach, we develop the IBS theory, which may be used in the case of arbitrary x-y coupling. If required, the proposed method may be easily extended to a more general case of 3D coupling. Such an extension makes the formulas more complicated and is not presently needed for any existing storage rings because of their small synchrotron frequency values. Therefore, we limit our consideration to x-y coupling only. Similar to Ref. [6] , the theoretical results include closed-form IBS rate expressions for beams with an arbitrary coupled betatron motion in the presence of both the vertical and horizontal dispersions. The results are presented in a matrix form and use symmetric elliptic integrals [7] . In this paper we are using a right-handed coordinate system.
Multiple Intrabeam Scattering in a single component plasma
To find the intrabeam scattering (IBS) growth rates in a storage ring we follow the method developed in Ref. [6] for the case of zero x-y coupling. The method is based on calculations of temperature exchanges between different degrees of freedom in a homogeneous single-component plasma. Let us assume a general Gaussian velocity distribution. By an appropriate rotation of the coordinate frame it can be reduced to a three-temperature distribution function,
where vx, vy, and vz, are the rms velocities for a corresponding degree of freedom. Let us introduce the second moments of the distribution function:
The symmetry of Eq. (1) results in that all non-diagonal elements of Σ are equal to zero, i.e. 
 
where / ft  for multiple scattering in a homogeneous plasma is determined by the Landau collision integral [1] . Substituting the Landau collision integral into Eq. 
where 0 r is the particle classical radius, n is the plasma density, c is the speed of light, 
where 2 2 2 ; , , 0 r x y z x y z     . An algorithm for fast numerical evaluation of D R ( , , ) u v w is discussed in Ref. [7] . The function  
,, x y z  is chosen such that it depends on the ratios of its variables but not on r . It is symmetric with respect to the variables y and z, and is normalized such that
, and that in a thermal equilibrium (1,1,1) 0  .
Multiple Intrabeam Scattering in X-Y Coupled Lattice
First, we will carry out calculations of the emittance growth rates in an accelerator for a continuous beam in a fully x-y coupled lattice. The calculation will be split into the following steps:
(1) finding the rms beam sizes for given emittances, momentum spread and Twiss functions or components of the eigen-vectors, (2) finding local velocity spreads, (3) determining the rms velocity growth rates in the beam frame, and, finally, (4) converting the rms velocity growth rates in the beam frame to the actual emittance and momentum growth rates in a ring.
In our calculations we will be using the extended Mais-Ripken parameterization of Twiss parameters [8] which parametrizes the eigen-vectors of x-y coupled motion through the Twiss parameters as following: 
where the symbol † denotes transposed and complex conjugated vector, , 1, 2 km , and the unit 4x4 symplectic matrix is:
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We will also use a symplectic matrix built from the eigen vectors:
Re , Im , Re , Im
The symplecticity condition determines that:
An equation, expressing the distribution function of the beam in the lab frame in the 4D transverse phase space of the betatron motion, was derived in Ref. [8] : 
A direct representation of the matrix Ξ through emittances and generalized Twiss parameters can be found in an appendix of Ref [8] . The choice of the vector x above implies zero longitudinal magnetic field, which is common in the majority of accelerator optics codes, presenting the Twiss parameters after an exit from a solenoid. If the longitudinal magnetic field is present, the vector x has to be built from the canonical momenta and, consequently, it has the following form: 
where ˆT 
and we accounted for the symmetry of the matrices.
The matrix of second moments is the inverse of the matrix Ξ ,
RMS beam sizes
Extracting from matrix Σ the coordinate part, one obtains the matrix of the second moments for the transverse coordinates: 
This yields the particle density in the beam center:
where L is the ring circumference (or the bunch length for the case of a bunch with a uniform longitudinal density).
The actual sizes of the beam ellipse are obtained by a diagonalization of matrix x. 
The sizes can be also expressed through the beam emittances and the ring Twiss parameters     
where x and y are the size projections to the x and y planes and xy characterizes the ellipse rotation relative to the coordinate frame. 
The frame rotation with matrix T brings matrix v Ξ to its diagonal form:
Relationship between velocity and emittance growth rates
Now we consider how a change in velocity components is transformed to changes in the particle actions (rms mode emittances of a single particle). Particle coordinates in the 4D phase space can be expressed through particle actions, 1 and 2, and a relative momentum deviation, s:
Here 1 and 2 are the phases of the betatron motion, and CC denotes a complex conjugated part.
1 One needs to distinguish local velocity spreads, which determine the velocity spreads in a given location of the beam cross-section, and the total velocity spread across the entire cross-section.
Assume that after scattering the transverse particle relative momenta are changed by  = (x, y) and the longitudinal momentum is changed by s. This corresponds to a change of the vector x by x = (0, x, 0, y) 
To find changes in the emittances we use the symplectic orthogonality of Eq. (9). Multiplying Eq.
(27) by † 1 vU on the left and using the symplectic orthogonality one obtains: 
where v1j represent coordinates in the eigen-vector v1, and the bar above a symbol denotes complex conjugate. The emittance growth for the second eigen-vector is obtained by replacement of vector v1 by v2. For further calculations, we express the average increase of mode emittances in the matrix form: 
B
(36)
Intrabeam scattering
The particle density in the beam frame is described by a Gaussian distribution: 
where the rms sizes are given by Eq. (20) and the coordinate frame ( , xy  ) is aligned with the main axes of particle ellipse. Averaging Eq. 
where  is the time in the beam frame, Tr(…) denotes the sum of matrix diagonal elements, and we imply that the coordinate frame in the velocity space is aligned with the main axes of particle velocity distribution. Using Eq. (25) one obtains:
